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ABSTRACT
A general continuum model for simulating the flow of ions in the salt baths that surround and
fill excitable neurons is developed and presented. The ion densities and electric potential are
computed using the drift-diffusion equations. In addition, a detailed model is given for handling
the electrical dynamics on interior membrane boundaries, including a model for ion channels
in the membranes that facilitate the transfer of ions in and out of cells. The model is applied
to the triad synapse found in the outer plexiform layer of the retina in most species. Experi-
mental evidence suggests the existence of a negative feedback pathway between horizontal cells
and cone photoreceptors that modulates the flow of calcium ions into the synaptic terminals of
cones. However, the underlying mechanism for this feedback is controversial and there are cur-
rently three competing hypotheses: the ephaptic hypothesis, the pH hypothesis and the GABA
hypothesis. The goal of this work is to test some features of the ephaptic hypothesis using
detailed simulations that employ rigorous numerical methods. The model is first applied in a
simple rectangular geometry to demonstrate the effects of feedback for different extracellular
gap widths. The model is then applied to a more complex and realistic geometry to demonstrate
the existence of strictly electrical feedback, as predicted by the ephaptic hypothesis. Lastly, the
effects of electrical feedback in regards to the behavior of the bipolar cell membrane potential
is explored. Figures for the ion densities and electric potential are presented to verify key fea-
tures of the model. The computed steady state IV curves for several cases are presented, which
can be compared to experimental data. The results provide convincing evidence in favor of the
ephaptic hypothesis since the existence of feedback that is strictly electrical in nature is shown,
without any dependence on pH effects or chemical transmitters.
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Chapter 1
INTRODUCTION
1.1 Nervous Systems
Nervous systems are highly complex networks of communicating cells, called neurons, that are
found in most multicellular organisms. The nervous system has multiple functions that are key
to survival of the organism, including sensory perception and controlling movement and bal-
ance. The development of the nervous system was a key evolutionary step in the emergence of
complex organisms and is considered to be one of the most complex systems known to science.
In most organisms, the nervous system is separated into two parts: the central nervous system
and the peripheral nervous system. The peripheral nervous system consists of sensory and mo-
tor neurons. Sensory neurons detect stimuli from the outside environment (heat, pressure, light,
etc.) and motor neurons are responsible for the organism’s reaction to the stimuli. The central
nervous system contains neurons referred to as integrators, which receive input signals from
sensory neurons and send appropriate responses to the motor neurons. The central and periph-
eral nervous systems are connected through bundles of nerve fibers held together by connective
tissue, which allows rapid communication between individual neurons.
Anatomy of Neurons
Figure 1.1 shows a diagram of the anatomy of a typical neuron. The main substructures found
in neurons are the cell body (or soma), the dendrites (or processes) and the axon. The soma
resembles a typical cell in function and form. It is surrounded by a plasma membrane and
contains a nucleus, along with other common cellular organelles. Dendrites resemble branched
structures that extend from the soma and they are responsible for receiving electrical input
from other neurons. The axon is a long cable-like structure that extends away from the soma
at a junction called the axon hillock. At the end of the axon, branched structures called axon
terminals come into close proximity with the dendrites of other neurons. When dendrites receive
1
Figure 1.1: Detailed diagram of a neuron and chemical synapse [47].
electrical input, the signal propagates down the axon to the axon terminals, which then provide
input to the dendrites of connected neurons. A given neuron may be connected to hundreds
or thousands of other neurons and the cell bodies of connected neurons need not be close in
proximity given that axons can be up to meters in length.
Neurotransmission
The communication between neurons, referred to as neurotransmission, takes place at regions
called synapses, which are either electrical or chemical. The cell producing the signal is called
the pre-synaptic cell and the cell receiving the signal is called the post-synaptic cell. An elec-
trical synapse, also called a gap junction, is a channel that directly connects the cell bodies of
two neurons, allowing rapid transfer of electric charge between the cells. Chemical synapses
are the regions where the dendrites from one neuron come into close proximity with the axon
terminals of another neuron and are separated by a small gap of about 20-40 nanometers as
shown in the upper magnified region of Figure 1.1. In a chemical synapse, electric signals
propagate down the axon and upon reaching the axon terminal, stimulate the cell membrane to
open vesicles containing chemical messengers, called neurotransmitters. These neurotransmit-
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ters then diffuse across the intersynaptic space (or synaptic cleft) and bind to receptor proteins
in the post-synaptic cell. The reception of the neurotransmitters in the post-synaptic cell trig-
gers the cell to either open or close ion channels in the cell membrane, which can control the
flow of electric current into or out of the cell. Note that electrical synapses operate on much
faster time scales than chemical synapses. There is also a more subtle form of communication
between neurons, known as ephaptic coupling. This can occur when the ion channels of two
neighboring cells are in close proximity. The flow of ions through channels of one cell can
cause local changes in the extracellular electric potential, which can be sensed by the channels
of the neighboring cell. As we will see, this study is largely concerned with investigating a
specific instance of ephaptic coupling.
1.2 Membrane Potential
All cells are surrounded by and filled with a biological fluid, which is mostly water. The po-
larized nature of water causes ionic salts to dissociate their ions. It is the movement of these
ions that provides the electrical current used by the nervous system. The four main ions that
play a significant role in the nervous system are Na+, K+, Ca2+, and Cl−, although there are
other less common ions that can play a role as well. When the quantity of ionic charge inside
a cell is different than it is outside the cell, there is a net potential difference across the cell
membrane, referred to as the membrane potential, usually denoted as Vm in the literature. By
convention, Vm = φ+− φ− where φ+ is the intracellular potential and φ− is the extracellular
potential. Although every cell has a membrane potential, one of the distinguishing features of
neurons is that they are excitable, i.e., they have the ability to drastically alter their membrane
potential through the use of ion channels.
Ion Channels
An ion channel is a complex protein structure found in the membranes of cells that acts as
a gate to allow ions to pass into or out of the cell. Ion channels come in a wide variety of
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forms. Some channels show a high degree of selectivity, i.e., they can only be used by certain
types of ions while others are more passive. For instance, the channel may have a narrow
filtering region that will not allow large ions to get through. In addition, many channels come
with immobile charges embedded in the protein structure, often referred to as “background”
charge, that create a static electric field that is favorable to ions of a certain charge, analogous to
doping in semiconductors. There are some channels that always remain open (non-gated), but
more commonly they have complex mechanisms that control the process of opening (activation)
and closing (inhibition). In a voltage-gated channel, the open/closed state is controlled by the
membrane potential. These channels remain closed until the membrane potential reaches a
particular threshold value that triggers them to open. Once the necessary charge is exchanged,
the membrane potential falls below the threshold value and the channels return to a closed
state. There are also channels with gating mechanisms controlled directly by neurotransmitters,
as in a chemical synapse. The binding of the neurotransmitter to the membrane signals these
channels to either open or close, depending on the nature of the neurotransmitter and the type
of channel. A simple schematic of a typical channel is shown in Figure 1.2. The green charges
show the ions that are permeable to the channel, the black and white charges show the immobile
background charge and the dashed lines around the openings are isopotentials. For a complete
treatment of the subject of ion channels, see [20].
Resting Potential
Every cell membrane has a resting potential in which the intracellular and extracellular charge
balances in such a way that no current will flow. The resting potential for a typical neuron
is about −70 mV although this value can vary considerably depending on the function of the
neuron. This suggests that at rest, φ+ < φ−, i.e., there is more positive charge outside the
neuron than inside. When ion channels allow the flow of positive charge into the neuron, the
membrane potential is increased toward zero (depolarized). Alternatively, if the channel allows
positive charge to flow out of the neuron, the membrane potential is decreased to a more negative
value (hyperpolarization).
4
Figure 1.2: Schematic of an ion channel [17].
The Circuit Model
Since the bilipid layers of cellular membranes are poor electrical conductors, charge will ac-
cumulate on their surfaces much like a capacitor in an electrical circuit. The current passing
through the ionic channels can thus be viewed as capacitive current. This suggests that a patch
of membrane can be modeled with an equivalent electrical circuit, as shown in Figure 1.3. The
parallel resistors represent the individual ion channels with sodium and potassium as variable
resistors, i.e., their conductance is a function of the membrane potential. Note that there is
also a “leak” current which is meant to account for the miscellaneous forms of current through
the membrane. Each resistor has a corresponding battery, labeled by Ei, which represents the
resting potential of the ion. The value of Cm is the membrane capacitance per unit area, which
has been measured to be approximately 1 µF/cm2 for a typical neuron. This equivalent cir-
cuit model has enjoyed much success in theoretical neuroscience although it still remains a
challenge to researchers on how to model the conductance functions for the variable resistors.
5
Figure 1.3: Example of an equivalent circuit model for a neuron membrane [48].
1.3 The Retina
The retina, found in most vertebrates, is a thin (0.5 mm) film of tissue in the outer layers of the
eye, as shown in Figure 1.4. Despite its physiological location, the retina is considered to be
an extension of the brain. The purpose of the retina is to convert incoming light stimuli into
electrical information that can be interpreted by the brain and transformed into visual images;
a process known as phototransduction. The retina tissue is organized into ten layers, each com-
posed of various types of neurons, as shown in Figure 1.5. The receptor neurons responsible for
initializing phototransduction are called photoreceptors and come in two types: rods and cones,
named after their respective anatomical shapes. In humans, photoreceptors make up about 70%
of all receptor neurons, a testament to how important vision is to our nervous systems. Rods
and cones each have different functions and their relative abundance in a given species depends
primarily on how active the species is during the day or night. For instance, rods are more sen-
sitive to light than cones and are responsible for night vision so they are usually more abundant
in nocturnal species. On the other hand, cones are more active in daylight since they respond
primarily to high-intensity light. Cones are also responsible for interpreting color.
6
Figure 1.4: Simple diagram of a human eye [29].
Figure 1.5: A magnified view of the layers of the retina [29].
The Outer Plexiform Layer
The layer of the retina that is of concern to us in this study is the outer plexiform layer (OPL).
In this layer, the synaptic terminals of rods and cones form synapses with two other types of
neurons: horizontal cells (HCs) and bipolar cells (BCs). The bipolar cells carry visual informa-
tion to the inner plexiform layer and the horizontal cells form a network connected through gap
junctions which is confined to the OPL. Horizontal cells act as communication buffers between
photoreceptors and bipolar cells via complex feedback mechanisms. Photoreceptors translate
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visual information into electrical information through changes in their membrane potentials.
Horizontal cells in turn respond to these changes, providing the input to bipolar cells. Through-
out the rest of this paper, we will consider a particular type of synapse in the OPL formed by a
cone, a horizontal cell and a bipolar cell, referred to as a triad synapse.
The Triad Synapse
The synaptic terminal of a cone, called the cone pedicle, forms a cavity-like structure with a
highly convoluted geometry. The pedicle is invaginated by multiple spines extending from the
dendrites of horizontal cells and bipolar cells. A triad synapse is a synapse in which a bipolar
cell, flanked by two or more horizontal cells, comes into close proximity with the cone pedicle.
In a typical goldfish cone pedicle, there are on average 5-16 triad synapses [24]. An idealized
diagram of a two dimensional slice of a triad synapse is shown in Figure 1.6.
Figure 1.6: A color-coded diagram of the triad synapse. Length scale is in nanometers.
Neurotransmission in the triad synapse is modulated by the flow of calcium ions through
the cone pedicle membrane. The area inside the cone pedicle directly across from the bipolar
cell contains vesicles that release the neurotransmitter glutamate. The rate at which glutamate
is being released from the cone is proportional to the cone’s interior calcium levels.
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The particular experiment that we apply our model to was performed by Verweij et al.
in [45] on goldfish retinas. In their experimental setup, an isolated goldfish retina is saturated
with a 65 µm bright spot of red light. The calcium current through the cone membrane is
then measured with and without background illumination using patch clamp techniques with a
Ringer’s solution designed to block the currents contributed by other ions. Figure 1.7 shows a
schematic demonstrating this setup. See [45] for a complete description of this experiment.
Figure 1.7: A schematic to demonstrate the goldfish experiments. Left: A retina saturated with
a bright spot without background illumination. Right: A retina saturated with a bright spot plus
background illumination.
In the absence of background illumination, cones depolarize which activates voltage-
gated calcium channels in the cone, increasing the cone’s interior calcium levels. This in turn
triggers the cone membrane to release more glutamate, which diffuses across the synaptic cleft
and binds to receptor sites on the horizontal cell. The binding of glutamate activates cation-
specific channels in the horizontal cell, allowing positive charge to flow in, resulting in de-
polarization of the postsynaptic membrane. On the other hand, when the background is illu-
minated, cones hyperpolarize, leading to a reduction in glutamate release, which causes less
glutamate-gated channels in the horizontal cell to open and therefore less positive charge enters
the horizontal cell, leading to a hyperpolarization of the horizontal cell membrane.
It has been observed that when horizontal cells become hyperpolarized the net result is
an increase in cone interior calcium levels, which then increases glutamate release and brings
the horizontal cell back to its resting state. This suggests a negative feedback pathway from
horizontal cells to cones. The existence of this feedback pathway is irrefutable although the
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underlying mechanism responsible for it has been a subject of heated debate for over twenty
years. In the next section, we discuss three hypotheses that have been proposed over the years
to explain this feedback mechanism.
1.4 Three Competing Hypotheses
We will now explore the three currently existing hypotheses regarding the feedback mecha-
nisms described in the last section: the ephaptic hypothesis, the pH hypothesis and the GABA
hypothesis. Although this thesis is focused only on testing the ephaptic hypothesis, it is of in-
terest to review all three hypotheses to get a better understanding of the biological complexity
of the problem. Experimental evidence exists throughout the literature that both supports and
contradicts these three hypotheses, making it difficult to draw any significant conclusions. The
most recent research in this area suggests that the ephaptic and pH effects are both present but
operate on different time scales. The GABA hypothesis has also had some experimental support
although it is currently believed to be the weakest of the three. A reasonable, but somewhat un-
satisfying explanation is that all three proposed mechanisms play a role that varies significantly
between different species and types of horizontal cells.
The Ephaptic Hypothesis
The ephaptic hypothesis was first proposed in 1986 by Byzov and colleagues [7] and has since
been repeatedly tested and modified. In short, the ephaptic hypothesis claims that the negative
feedback pathway from horizontal cells to cones is electrical in nature and thus is governed by
the electric potential. The specialized geometry of the triad synapse contains narrow extracellu-
lar regions between horizontal cells and the cone pedicle which have a relatively large resistivity.
When ionic current passes from these high-resistance regions into the horizontal cell, via ion
channels, this causes a potential drop in the extracellular cleft, i.e., the potential in the cleft
becomes more negative. The cone membrane senses this potential drop in the cleft as a depo-
larization, which in turn activates calcium channels to open. When the horizontal cell becomes
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hyperpolarized under background illumination, its channels will then draw in more current from
the extracellular cleft, enhancing the cone membrane depolarization, which ultimately leads to
an increase in interior calcium levels in the cone. In a voltage-clamp experiment, this increase
in cone calcium levels under background illumination is seen as a shift in the current-voltage
curve to more negative potentials.
In order for this hypothesis to work, there must be active channels in the horizontal cell
to draw in current. Byzov originally proposed the glutamate-gated channels at the tips of the
horizontal cell as the candidate [7]. However, this idea was discarded when Kamermans and
colleagues put it to the test on goldfish [27]. In their experiments, they used dinitroquinoxaline
(DNQX), a glutamate antagonist, to block the transmembrane current through the glutamate-
gated channels. Their results indicated that this did not affect the shift in the current-voltage
curves. Instead of abandoning the hypothesis completely, they instead modified it by proposing
that hemichannels in the tips of the horizontal cells were responsible for the inward current.
Hemichannels are often considered as one-way gap junctions, in the sense that they connect
the interior of a cell to the extracellular space and do not have a gating mechanism, i.e., they
constantly remain open. This idea was driven by physiological studies that confirmed that such
channels are indeed located on the horizontal cell and are in close proximity with the calcium
channels and glutamate release sites [22]. The modified hypothesis has gained momentum in
recent years due to the successful experiments designed to test it. In one creative experiment,
Kamermans and colleagues performed identical voltage clamp experiments on two groups of ze-
brafish: a genetically modified group that lacked the codons necessary to specify the hemichan-
nel proteins and an unmodified control group [28]. The results showed that the current-voltage
curves in the modified subjects did not get shifted, whereas the curves for the control group
were shifted, a clear indication that the feedback is indeed dependent on hemichannels.
Although the ephaptic hypothesis has enjoyed some experimental success, it has its
problems as well. A circuit model proposed by Dmitriev et al. concludes that the resistance of
the extracellular cleft must be extremely large to induce the observed feedback and claim that
11
such an extreme resistance value is not physically reasonable [12]. In addition, the other two
hypotheses have received some experimental support.
The pH Hypothesis
The pH hypothesis proposes that feedback is modulated by changes in extracellular proton con-
centrations. According to the hypothesis, hyperpolarization of horizontal cells alkalinizes the
extracellular space which serves to alter the gating mechanism of pH-sensitive calcium channels
in the cone membrane [5, 21]. However, the mechanism by which horizontal cell polarization
controls extracellular pH levels is still unknown, although researchers have proposed many pos-
sible candidates. See [24, 46, 6, 21] for more details about the proposed mechanisms.
The pH hypothesis has a fair amount of experimental support. It has been shown that
extracellular pH levels can affect voltage-sensitive calcium channels [11, 41]. Further, exper-
iments with goldfish, tiger salamanders and macaque monkeys have shown that inhibition of
extracellular pH fluctuations, induced by inserting high concentrations of artificial pH buffers,
can greatly affect the feedback responses [2, 8, 10, 21, 46].
The validity of this hypothesis has also been questioned. One study in the goldfish
retina showed that feedback responses were not altered in the presence of high concentration
of HEPES, an artificial pH buffer [32, 24]. It has also been argued that the experimental tech-
niques used to test the hypothesis can have unintended side effects that would affect other
feedback mechanisms [15]. For example, the insertion of pH buffers can cause acidification of
the intracellular horizontal cell solution, which can inhibit hemichannel activity.
The GABA Hypothesis
The GABA hypothesis asserts that feedback is modulated by a chemical neurotransmitter with
γ-aminobutyric acid (GABA) being the primary candidate [13, 18, 38, 40]. The theory claims
that horizontal cells constantly release GABA which diffuses across the extracellular space,
binding to the cone membrane, inhibiting calcium channels. Under background illumination
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induced hyperpolarization of the horizontal cell, the quantity of GABA released by the horizon-
tal cell is reduced, allowing more calcium to flow into the cone.
The GABA hypothesis has received some experimental support. A GABA-synthesizing
enzyme, known as glutamic acid decarboxylase (GAD), has been found to exist in some hori-
zontal cells of certain animals [9, 19, 23, 31, 44]. It has also been observed that GABA release
sites on horizontal cells act in a manner consistent with the hypothesis, i.e., they are inhibited
by hyperpolarization [1, 33, 42, 43]. Most importantly, several pharmacological studies of the
catfish and carp retina have revealed that application of GABA antagonists does indeed affect
feedback under background illumination [30, 36, 37].
Most opposition to the GABA hypothesis stems from the fact that Kamermans’ experi-
ments were able to alter feedback responses in a GABA-independent manner. It is most likely
that GABA does play some role in the overall process but only in certain instances and for cer-
tain species. However, it is still unclear as to whether or not the feedback is dominated by a
GABA-ergic mechanism.
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Chapter 2
THE MATHEMATICAL MODEL
2.1 Drift-Diffusion Equations
Consider a region such as that shown in the two dimensional slice of the triad synapse in Figure
1.6. This region can be separated into four compartments: cone interior, HC interior, BC interior
and extracellular. Each compartment is assumed to be filled with water and the four common
biological ions Ca2+, Na+, K+ and Cl−, which we treat as continuous charge, rather than
individual ions. This continuum model has been applied successfully in many applications
[14, 39, 17, 16].
The presence of dissociated ions in a salt bath induces a potential field, which in turn
affects the flow of ions. Our goal is then to model the evolution of the particle densities (particles
per volume) of each ionic species and the electric potential. To do so, we introduce a system of
partial differential equations, known as the drift-diffusion or Poisson-Nernst-Planck equations,
that hold in the various compartments. Treatment of the state variables on the membranes and
boundaries will be discussed in later sections of this chapter.
To introduce the drift-diffusion model, let x denote any point in the domain shown in
Figure 1.6 that is not on a membrane or outer boundary and let t denote time. Define ni(x, t) to
be the particle density of the ith ionic species at the point x at time t where i ∈ { Ca2+, Na+,
K+, Cl−}. Likewise, define φ(x, t) to be the electric potential at the point x and time t. By
requiring conservation of charge for each ionic species, we obtain the continuity equation
∂ni
∂ t
+∇ · fi = 0, i ∈ {Ca2+, Na+, K+, Cl−} (2.1)
where fi is the particle flux of the ith ionic species. Gauss’s Law relates the particle densities to
the electric potential:
∇ · (ε∇φ) =−ρ, (2.2)
where ε is the dielectric coefficient of water and ρ is the total charge density. To obtain ρ we
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sum over all charge contributions from the ions plus any immobile “background” charge
ρ = ρ0+∑
i
qini (2.3)
where ρ0 is the background charge density and qi is the ionic charge of species i. For our
problem, we do not resolve the detailed channel structure within the membranes so we take
ρ0 ≡ 0. We now turn to choosing an expression for fi, which is where the modeling comes in.
Like any chemical species, ions are subject to diffusion and the diffusive flux follows Fick’s
Law:
fi,diffusion =−Di∇ni (2.4)
where Di is the diffusion coefficient of ionic species i. The diffusion coefficient is determined
experimentally and is dependent upon the medium in which the ions flow and the physical
properties of the ion. In addition, ions also respond to the electric field, causing the drift flux
derived from the microscopic version of Ohm’s Law:
fi,drift = ziµiniE, E=−∇φ (2.5)
where µi is the mobility coefficient of ionic species i. The diffusion and mobility coefficients
satisfy the Einstein relationDi = µikBT/e where kB is the Boltzmann constant, T is the absolute
temperature of the medium and e is the unit charge. For most biological applications, T ≈
310 K, a typical body temperature, so kBT ≈ 1/40 eV. Combining the two forms of flux from
equations 2.4 and 2.5, we get the total particle flux for the drift-diffusion model:
fi = ziµiniE−Di∇ni. (2.6)
The particle flux fi for each ionic species can be converted into electric current densities ji via
the simple relation
ji = qifi (2.7)
and the total current density j is
j=∑
i
ji. (2.8)
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Parameter Value Units Description
DCa 0.8 nm2/ns diffusion coefficient of Ca2+
DCl 2 nm2/ns diffusion coefficient of Cl−
DNa 1.3 nm2/ns diffusion coefficient of Na+
DK 2 nm2/ns diffusion coefficient of K+
µCa 32 nm2/(V · ns) mobility coefficient of Ca2+
µCl 80 nm2/(V · ns) mobility coefficient of Cl−
µNa 52 nm2/(V · ns) mobility coefficient of Na+
µK 80 nm2/(V · ns) mobility coefficient of K+
ε 80 none dielectric coefficient of water
Table 2.1: Physical parameters used in drift-diffusion equations.
In general, the parametersDi, µi, ε and ρ0 can be treated as function of space. For our purposes,
it is reasonable to assume that these parameters are constant in the physical domain of the prob-
lem since we do not model the detailed spatial structure of the channels within the membranes
nor do any of the compartments differ in any significant way. The constant values used for the
parameters are shown in Table 2.1. To summarize, the drift-diffusion model for our particular
problem reduces to the system
∂ni
∂ t
= Di∇2ni+ ziµi∇ · (n∇φ) (2.9)
∇2φ =−1
ε∑i
qini (2.10)
i ∈ {Ca2+, Na+, K+, Cl−}
which we will make frequent reference to throughout this paper. This model forms a nonlinear
parabolic/elliptic system of Nspecies+1 partial differential equations where Nspecies is the num-
ber of ionic species included in the model. The state variables of the model are ni and φ , which
have Dirichlet and/or Neumann boundary conditions.
2.2 Bath Densities
It is known experimentally that the ion densities in biological fluids remain at constant values
when far away from cell membranes. The values of these constant ion densities are referred
to as the bath densities, denoted by nb,i and have been measured for several cases. However,
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Ion Intracellular Extracellular Units
Ca2+ 10−4 2 mM
Cl− 160 146.5 mM
Na+ 10 140 mM
K+ 150 2.5 mM
Table 2.2: Values of the intracellular and extracellular bath densities for the four common bio-
logical ions used in simulations.
for any given ionic species, the bath densities can be very different depending on whether the
region is inside a cell or outside a cell. For example, the typical intracellular bath density for
calcium in a mammalian organism is nb,Ca = 10−4 mM whereas the extracellular bath density
is nb,Ca = 2 mM. It is also known that biological fluids maintain charge neutrality away from
membranes. To ensure this, we must enforce the condition
∑
i
qinb,i = 0. (2.11)
However, the experimentally measured values of the four common ionic species do not gener-
ally satisfy this relation since there are a number of other charged molecules that contribute. To
get around this, we use the typical bath densities for the positive ions and treat chloride as the
general negative charge carrier, setting
nb,Cl = ∑
i6=Cl
zinb,i. (2.12)
Since we are most interested in studying steady state solutions, the choice of initial conditions is
somewhat arbitrary, as long as we begin with a charge neutral domain. We use the most obvious
choice, which is
ni(x,0) = nb,i, (2.13)
i.e., all ions begin with uniform densities with their intracellular or extracellular bath values.
The values we use for the bath densities are shown in Table 2.2. Note that the values for nb,Cl
are not typical and have been adjusted to ensure charge neutrality.
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2.3 Membrane Surface Charge Densities
As mentioned in the previous section, biological fluids maintain charge neutrality away from
membranes. However, as we will see in this section, charge layers can accumulate on mem-
branes, violating the local neutrality. To demonstrate this, we must develop a model for the
membrane surface charge densities. Our approach to modeling the membrane follows that of
Mori et al. in [34, 35]. However, in their treatment, they use asymptotic expansions with in-
termediate matching to avoid dealing with charge layers, whereas we actually resolve these
layers.
The main idea is to treat the membrane as a double-valued sheet in 3D. We label the
sides of the membranes as+ (intracellular) and− (extracellular). The membrane is modeled as
a capacitor with zero thickness in which ions can accumulate on and/or pass through either side,
resulting in a surface charge density, denoted as σ±i , where i indexes the four ionic species and
the ± superscript denotes the side of the membrane. The state variables of the drift-diffusion
model, ni and φ , are also defined on the membrane and are double-valued, denoted as n±i and
φ±, respectively. Charge conservation equations can be derived for σ±i , although we postpone
this derivation to later in the section. To obtain the membrane boundary conditions for the ion
densities, we will need to devise a method of relating the spatial charge densities n±i to the
surface charge densities σ±i .
Relating Surface Charge Densities to Particle Densities
Consider an arbitrary point p on a membrane and let x be the axis perpendicular to the membrane
at p such that the origin is at p. Suppose the x axis is oriented such that x> 0 on the + side of
the membrane and x< 0 on the− side. We then assume that all of the excess charge along both
sides of the x axis accumulates on the ± sides of the membrane and we ignore contributions
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from other directions. Making this 1D approximation along the x axis, we have
σ±i =
∫ ±∞
0
qi(n±i (x)−n±b,i) dx (2.14)
where qi(n±i (x)−n±b,i) represents the spatial density of the excess charge. To continue with this
model, we must now have a way of approximating this integral.
With this 1D approximation and assuming thermal equilibrium in which no current
flows, the ion densities must satisfy
n±i (x) = n
±
b,i exp
{
−qi[φ
±(x)−φ±b ]
kBT
}
(2.15)
where φ±b is the asymptotic potential away from the membrane and exp
{
−qi[φ±(x)−φ
±
b ]
kBT
}
is the
Boltzmann factor from the theory of thermal equilibrium. Inserting this into the 1D version of
equation 2.10 yields the Poisson-Boltzmann equation
d2φ±
dx2
=−1
ε∑i
qin±b,i exp
{
−qi[φ
±(x)−φ±b ]
kBT
}
. (2.16)
Linearizing equation 2.16 and using the charge neutrality condition ∑i qin±b,i = 0, we get the
approximation
d2φ±
dx2
≈ 1
εkBT
[
∑
i
q2i n
±
b,i
]
(φ±(x)−φ±b ) (2.17)
for which the solution is
φ±(x) = φ±b +[φ
±(0)−φ±b ]e−|x|/l
±
D (2.18)
where
l±D =
√
εkBT
∑i q2i n
±
b,i
(2.19)
is a parameter with units of length, referred to as the Debye length, which is typically around 1
nm for biological baths. Indeed, using the parameter values from Tables 2.1 and 2.2, we have
that l+D ≈ 0.783613 nm and l−D ≈ 0.787561 nm. Note that in the solution given in 2.18, we
neglect one of the fundamental solutions of 2.17 for each side of the membrane. This is done
to ensure a physical solution in which φ±(x) is bounded as x→±∞. Notice that the solution
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is indicative of an exponentially decaying boundary layer near x = 0 (the membrane) with a
thickness l±D . Inserting 2.18 into 2.15 and linearizing the result gives
n±i (x) = n
±
b,i exp
{
−qi[φ
±(0)−φ±b ]e−|x|/l
±
D
kBT
}
≈ n±b,i
(
1− qi[φ
±(0)−φ±b ]e−|x|/l
±
D
kBT
)
. (2.20)
We can now approximate the integral from 2.21 as
σ±i =
∫ ±∞
0
qi(n±i (x)−n±b,i) dx ≈ −
n±b,iq
2
i [φ±(0)−φ±b ]
kBT
∫ ±∞
0
e−|x|/l
±
D dx
= −
n±b,iq
2
i [φ±(0)−φ±b ]l±D
kBT
. (2.21)
Now using the fact that n±i (0)≈ n±b,i
(
1− qi[φ±(0)−φ
±
b ]
kBT
)
, we get the relation
σ±i = qil
±
D (n
±
i −n±b,i). (2.22)
Here we have replaced n±i (0) with n
±
i , with the understanding that n
±
i is the particle density on
the membrane.
Note that the linearized approximations we use here are only good when
|qi(φ±(x)−φ±b )/(kBT )|  1 (2.23)
which is the case for this problem and most biological applications. In Appendix A, we give
a description of how to relate the surface charge densities and particle densities when this in-
equality is violated.
Conservation Equation for Surface Charge Densities
We now use 2.22 to derive a conservation equation for the time evolution of σ±i . Taking the
partial derivative with respect to t of each side of 2.22 gives
∂σ±i
∂ t
=
∂
∂ t
[
qil±D (n
±
i −n±b,i)
]
= qil±D
∂n±i
∂ t
. (2.24)
Assuming that the charge on the membrane is overall neutral, the particle densities on the mem-
branes must satisfy equation 2.1. Using this fact and the definition of electric current density in
2.7, we have
∂σ±i
∂ t
=−l±D∇ · j±i (2.25)
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which amounts to a decoupled system of ordinary differential equations in time, i.e., the evolu-
tion of each ionic species at each point are independent of each other. The initial conditions for
σ±i at each point are automatically determined by the initial conditions for the particle densities.
Using equation 2.22, we have
σ±i (0) = qil
±
D (n
±
i (0)−n±b,i) = 0. (2.26)
In the preceding derivation, there is an implicit assumption that no current flows through the
membrane. In order to model ion channels in which charge can be exchanged across the mem-
brane, we simply insert an extra term for the transmembrane current density on the RHS of 2.25
which results in
∂σ±i
∂ t
=−l±D∇ · j±i ∓ jm,i (2.27)
where jm,i is the transmembrane current. Note that we are using the typical sign convention for
jm,i in which current flowing into a cell is negative and current flowing out of a cell is positive.
Modeling the transmembrane current for different scenarios can itself be an enormous problem.
Given the complexity of ion channels, there is practically no limit as to how detailed the model
for jm,i can be. We will address how we model jm,i in the next section.
2.4 Transmembrane Current
For our problem, we model two types of channels in specific locations on the membranes.
As discussed in the introduction, there are two main types of channels important to ephaptic
feedback: voltage-gated calcium channels in the cone pedicle membrane and hemichannels in
the horizontal cell membrane. Much research has gone into understanding the currents in these
channels and there is plenty of good data available to make use of [26, 24].
Calcium Channels in the Cone Membrane
We model the membranes as a continuum of channels with a uniform density. The calcium
channels in the cone have been experimentally shown to obey a nonlinear Ohm’s law with a
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voltage dependent conductance function [26], which we use in our model:
jm,Ca =
gCa,CP(Vm−ECa,CP)
NsAm[1+ exp{(θ −Vm)/λ}] (2.28)
where Vm = φ+−φ− is the membrane potential, gCa,CP is the maximum calcium conductance,
ECa,CP is the reversal potential of calcium, Ns is the average number of calcium channel sites
in a cone pedicle (twice the number of triad synapses), Am is the surface area of the section
of the cone pedicle containing calcium channels and θ and λ are curve fitting parameters.
The normalization factors Ns and Am require some explanation. Equation 2.28 is motivated
by experimental data, which measures actual currents instead of current densities. Further, the
experiments measure the total current through a given cone pedicle, which contains many triad
synapses. On average, each pedicle has about Ns = 20 calcium channel sites. Also, the area
of the region of the cone pedicle containing calcium channels, Am, we estimate to be about 0.1
µm2. Thus dividing the current by Am converts it into a current density and dividing by Ns gives
the average current density over a given channel site.
The formula for the calcium current in equation 2.28 has an interesting stochastic inter-
pretation. In reality, a given calcium channel is either open, with conductance gCa,CP or closed,
with zero conductance. Suppose that the transmembrane potential at a given channel is Vm. We
can interpret the state of the channel as a Bernoulli random variable with the two possible states
of OPEN or CLOSED, with a parameter p(Vm) that represents the probability that the channel
is in the OPEN state. The expected value of the conductance is thus gCa,CP · p(Vm). Comparing
this to equation 2.28, we see that
p(Vm) =
1
1+ exp{(θ −Vm)/λ} (2.29)
which is a sigmoidal shaped curve, often referred to in the literature as the activation curve,
in which θ represents the membrane potential at which p(θ) = 1/2. For this reason, θ is
referred to as the half-activation potential. This interpretation is consistent with the fact that
depolarization of cone membranes opens calcium channels since p→ 0 asVm→−∞ and p→ 1
as Vm →+∞.
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Parameter Value Units Description
ECa 50 mV reversal potential of Ca2+
ENa 50 mV reversal potential of Na+
EK −60 mV reversal potential of K+
gCa 1.5 nS conductance of Ca2+ current
gNa 1.5 nS conductance of Na+ current
gK 2.5 nS conductance of K+ current
ghemi 5.5 nS total hemichannel conductance
Cm 1 µF/cm2 capacitance per area
Am 0.1 µm2 HC spine head area
Ns 20 none number of HC spines per synapse
Table 2.3: Hemichannel and other membrane parameters based on experimental estimations.
Hemichannels in the Horizontal Cell Membrane
The hemichannels in the horizontal cell are believed to be non-specific cation channels [24] and
thus we allow all cations to pass through them. The current-voltage relationship for hemichan-
nels is experimentally observed to be linear, with an overall reversal potential of zero and a
constant conductance of ghemi [28]. However, this includes the current from all cations and
does not give any information about individual ionic currents. A reasonable approach is then to
model each current density with a linear Ohm’s law:
jm,i = gi(Vm−Ei)/(NsAm). (2.30)
and impose the constraints
∑
i
gi = ghemi (2.31)
and
∑
i
giEi = 0 (2.32)
to guarantee consistency with the experimental data. The hemichannel parameters are shown in
Table 2.3. Note that the parameters for the cone are omitted from this table since we vary them
for different simulations, which are discussed later.
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Physical Location of Channels
The location of the calcium channels in the cone membrane and the hemichannels on the hori-
zontal cell membrane are not arbitrary and in fact are located in such a way as to enable ephaptic
communication. Figure 2.1 shows the regions in which experimentalists believe the channels
are located [24], which we also use in our model. In order to be able to compare our results to
experiment, we must approximate the current though an entire cone pedicle. To do this, we first
compute the average current density over the channel region via the trapezoid rule for numer-
ical integration and then multiply the result by the normalization factors Ns and Am. Thus the
calcium current for an entire cone pedicle, ICa, is approximated as
ICa =
NsAm
`C
∫
C
jm,Ca ds (2.33)
where C is the segment of the membrane containing the calcium channels and `C is the arc
length ofC.
 
 
Calcium Channels
Hemichannels
Figure 2.1: Physical locations of channels in triad synapse.
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2.5 Membrane Boundary Conditions
Now we are ready to give the boundary conditions for the state variables on the membrane.
Assuming we have solved equation 2.27 at the given time, we can use equation 2.22 to get the
boundary conditions for n±i . Solving for n
±
i gives
n±i = n
±
b,i+
σ±i
qil±D
. (2.34)
One of the boundary conditions for φ on the membranes can be determined by treating the
membrane as a capacitor with a surface charge density σ and capacitance per unit area Cm,
resulting in the jump condition
[φ ]≡ φ+−φ− = σ
Cm
(2.35)
where σ is defined as
σ =∑
i
σ+i =−∑
i
σ−i . (2.36)
Note that this definition assumes the membrane remains charge neutral, i.e., any charge that
accumulates on one side must be balanced by charge on the opposite side. This requirement
implicitly gives us a second jump condition. Since we are assuming charge neutrality over the
membrane, we have
[nm ·∇φ ]≡ nm ·∇φ+−nm ·∇φ− = 0 (2.37)
where nm is the unit normal vector of the membrane pointing from the − side to the + side.
In other words, the normal component of the electric field is continuous across the membrane.
Note that the values of the ion densities on each side of the membrane are computed indepen-
dently of the other side. However, upon spatial discretization, equations (2.35) and (2.37) form
a linear system of equations for φ+ and φ−, which couples the intracellular and extracellular
solutions. We will discuss how equation 2.37 can be used to derive a linear algebraic relation
between φ+ and φ− in the subsequent chapter on numerical methods.
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2.6 Outer Boundary Conditions
A problem of this nature has both interior and exterior boundaries. The interior boundaries
are the membranes, which have boundary conditions discussed in the preceding section. The
exterior boundaries are formed by the rectangle enclosing the region and do not have precise
boundary conditions in the physical sense. We use a mixture of Dirichlet and Neumann bound-
ary conditions on the outer boundary, driven by physical intuition. Since we apply the model
to two different computational grids, we postpone presenting the exact outer boundary condi-
tions until the grids are discussed in the next chapter. Instead, we give a general description of
the possible types of boundary conditions. The most natural boundary condition to use for the
particle densities is the Dirichlet condition
ni = nb,i (2.38)
since it is reasonable to assume the particle densities remain at their bath values away from
membranes. Along any axis of symmetry, such as x = 0 in the region shown in Figure 1.6, we
use the homogeneous Neumann boundary condition
n ·∇ni = 0 (2.39)
where n is the outward pointing unit normal vector to the boundary. The boundary conditions
for φ are chosen in a way that attempts to mimic a voltage clamp experiment. In such an
experiment, micro electrodes that are held at fixed potentials are inserted at specific locations,
usually one inside a cell and the other “ground” electrode far away from the cell. Along certain
boundaries, it is then appropriate to use the Dirichlet boundary condition
φ =Vclamp (2.40)
whereVclamp is the clamped potential, or holding potential, with respect to ground. Along other
boundaries, a natural condition for the potential is the homogeneous Neumann condition
n ·∇φ = 0. (2.41)
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Chapter 3
NUMERICAL METHODS
In this chapter, we give a detailed account of the numerical methods used in the simulations.
In particular, we discuss the spatiotemporal discretization of the drift-diffusion equations and
boundary conditions along with the methods used to solve the discretized systems of equations.
During the first phase of this research, we focused on modeling a strip of the extracellular space
between a cone cell and horizontal cell using a simple rectangular domain. Later, we developed
the code to do simulations on a more general grid with complex geometry and interior mem-
branes. Although most of the numerical methods used in these problems are fairly general and
apply to both cases, we will at times need to discuss the details of the two problems separately.
3.1 Spatial Domains & Grids
In this section, we describe the spatial domains and computational grids used in simulations.
Since the outer boundary conditions depend on the domain, it is appropriate to address them
here as well.
Rectangular Grid
For the rectangular problem, we define the spatial domain Ω = [0,400]× [0,40] where length
units are in nanometers. The cone membrane is located along the top boundary (y = 40) and
side boundaries (x = 0, x = 400). The horizontal cell membrane is located along y = 0 for
x ∈ [x1,x2] where x1 and x2 are varied for different simulations. The segments of the outer
boundary that are not membranes are treated as being open to an exterior salt bath. This region
is shown in Figure 3.1 for x1 = 10, x2 = 380.
The solution is computed on an (M+1)×(N+1) rectangular grid of points (x j,yi)∈Ω
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Figure 3.1: A diagram of the rectangular computational domain. Lengths are not to scale.
with
x j = j∆x, j = 0,1, ...,N,
yi = i∆y, i= 0,1, ...,M.
We use a uniform spacing in each direction, i.e., ∆x= 400/N and ∆y= 40/M.
Although our model was formulated for a general problem containing intracellular and
extracellular compartments separated by interior membrane boundaries, this particular applica-
tion only simulates activity in the extracellular space. All the membrane boundary conditions
are still used, they are just one-sided. This type of grid makes for a considerably easier problem
to implement since the membrane boundaries are part of the outer boundary for the entire grid.
In the next section, we will explore the complications of including interior boundaries.
Since we only simulate in the extracellular space for this problem, the model for the
membrane surface charge densities reduces to
∂σ−
∂ t
= n · j−i + jm,i, σ =∑
i
σ−i . (3.1)
The calcium channels are modeled along the top segment of the cone membrane boundary and
we use equation 2.28 to compute the transmembrane current density. Hemichannels are located
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all along the horizontal cell membrane boundary with transmembrane current densities given
by equation 2.30. The boundary conditions on the membranes in this case simplify to
n−i = n
−
b,i+
σ−i
qil−D
, φ−CP,HC = φ
+
CP,HC−
σ
Cm
(3.2)
where φ+CP,HC are specified constant values. The boundary conditions used for the openings
(shown in black in Figure 3.1) are
ni = nb,i, n ·∇φ = 0. (3.3)
Full Synapse Grid
We now consider the region shown in Figure 1.6 for the full synapse geometry. Since this region
is symmetric about x= 0, we take the computational domain to be the right half only, as shown
in Figure 3.2. In this case, the spatial domain isΩ= [0,600]× [0,900]. Just as in the rectangular
case, the solution is computed on an (M+ 1)× (N+ 1) rectangular grid of points (x j,yi) ∈ Ω
with
x j = j∆x, j = 0,1, ...,N,
yi = i∆y, i= 0,1, ...,M.
We use a uniform spacing in each direction, i.e., ∆x = 600/N and ∆y = 900/M. However, in
this problem, there are both intracellular and extracellular points. Further, the membrane points
are located in the interior of the grid.
To define the membrane curves, we start with a free-hand drawing or digital picture
of the region and load it into MATLAB as an image file. Using the ginput function from the
MATLAB library, the user can manually select data points along the interior curves with the
mouse and save the (x,y) coordinates. Assume n points are selected and define the sequence
(pk)nk=1 with pk = (xk,yk). The points in (pk) are then moved to the nearest grid points under
the Euclidean norm, i.e., pk → (xJ(k),yI(k)) where (I(k),J(k)) =mini, j[(xk− x j)2+(yk− yi)2].
Now the boundary curve is a sequence of n−1 line segments that connect grid points. However,
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in order to use a general finite volume method, we need to define the curve as a sequence of
vertical, horizontal and diagonal lines that connect adjacent grid points, a process known as
“meshing” the curve.
Figure 3.2: A color-coded diagram of the triad synapse. Length scale is in nanometers.
The algorithm for meshing a curve can be described by just considering how to connect
any two points (say p1 and p2). Define the new sequence for the meshed curve as (rk). Starting
at any point, there are eight possible choices for the next point since there are eight neighbor-
ing grid points. Each of these eight directions has a corresponding unit vector e1, ...,e8. The
algorithm for generating the sequence of points for the meshed curve is described below.
1. Set q= p1
2. Add q to the sequence (rk)
3. Set u= (p2−q)/‖p2−q‖
4. Compute ai = u · ei for i= 1,2, ...,8
5. Set i∗ = argmaxi ai
6. Set q= qnew where qnew is the next point in the direction i∗
7. Go to step 2 and repeat until q= p2
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This process is then repeated to connect p2 to p3, etc. The last thing needed to define
the grid is a labeling matrix that defines which points are of which type. In our problem, there
are eight different types of points, so we can use the labels 1,2, ...,8. The membrane boundary
points have already been determined by the meshed curve but the labels for the interior points
must be known as well. The boundary of each cell can be represented as a closed polygon and
therefore we can use one of the standard algorithms for determining whether a point is inside
or outside a polygon. The points that are found to be outside all cells are the extracellular
points. The schematic shown in Figure 3.2 is actually the color plot of the labeling matrix for
our region.
We now turn to the problem of defining the outer boundary conditions for this region.
For the ion densities, we use the Dirichlet boundary condition from equation 2.38 everywhere,
except along x = 0, which is considered an axis of symmetry. Along this axis, we use the
homogeneous Neumann condition from 2.39. There are a total of four segments of the outer
boundary where we use Dirichlet boundary conditions for the potential: one segment for each
cell plus a segment designated to be used as a common reference potential. Figure 3.3 illustrates
where the different boundary conditions are used. We can state these boundary conditions
compactly as
φ(x,y) =

UCP if y= 900,
UHC if (x,y) ∈ {(x,y) | y= 0 and (x,y) in HC },
UBC if (x,y) ∈ {(x,y) | y= 0 and (x,y) in BC },
Ure f if y= 0 and 500≤ x≤ 600.
(3.4)
The remaining segments use the homogeneous Neumann boundary conditions from
equation 2.41. The values for UCP, UHC and UBC are the holding potentials discussed ear-
lier. Note that the ground potential is not zero. This is because in a real experiment, the ground
electrode would be very far from the computational region, which is why we use a general ref-
erence potential in the bottom right corner, instead of treating it as the absolute ground. The
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Figure 3.3: A diagram illustrating the outer boundary conditions of the domain for the potential.
holding potentials are chosen in different ways to simulate different cases. However, we always
use the reference potential Ure f = −40 mV. There is nothing special about this value and it
was chosen to coincide with the typical horizontal cell membrane potential so as not to create a
large potential difference. This reference potential is necessary to ensure that the potentials for
different simulations are measured with respect to the same ground.
3.2 Spatial Discretization: The Box Method
In this section, we discuss the techniques used to discretize all equations in space. All spatial
derivatives are approximated using the second-order finite volume box method, which is a con-
servative scheme by construction. The box method can be visualized by placing a rectangle
with horizontal side length ∆x and vertical side length ∆y around each grid point as shown in
Figure 3.4. With this scheme, all state variables are defined at grid points and the flux is defined
at midpoints of the box edges, shown as open circles in Figure 3.4. Note that this method was
used for both the rectangular and complex grids, although in the rectangular case, it is equiv-
alent to using second-order finite differences on a centered stencil. For notational purposes,
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we will consider equation 2.9 for an arbitrary ionic species n and will thus omit the subscript
denoting the ionic species. Let ni, j denote the numerical approximation of n at the point (x j,yi).
We will also use the notation f= ( f 1, f 2) for the components of the flux.
Discretization of the Drift-Diffusion Equations
We begin by considering the general conservation law that we wish to discretize
∂n
∂ t
=−∇ · f (3.5)
at an arbitrary interior grid point (x j,yi) that is not on the membrane. Let Bi, j denote the box
surrounding grid point (x j,yi). Integrating each side of 3.5 over Bi, j and applying the divergence
theorem gives ∫
Bi, j
∂n
∂ t
dA=−
∫
Bi, j
∇ · f dA=−
∫
∂Bi, j
f ·n ds (3.6)
where n is the outward normal vector of Bi, j. Since n is constant within the box and f · n is
constant along box boundaries, this reduces to
∆x∆y
∂ni, j
∂ t
=−∆y
(
f 1i, j+ 12
− f 1i, j− 12
)
−∆x
(
f 2i+ 12 , j
− f 2i− 12 , j
)
. (3.7)
Dividing through by ∆x∆y gives the system of ordinary differential equations
d
dt
ni, j =− 1∆x
(
f 1i, j+ 12
− f 1i, j− 12
)
− 1
∆y
(
f 2i+ 12 , j
− f 2i− 12 , j
)
(3.8)
where the fluxes at the box boundary midpoints are
f 1i, j± 12
=± D
∆x
(ni, j−ni, j±1)± zµ2∆x(ni, j+ni, j±1)(φi, j−φi, j±1)
f 2i± 12 , j
=± D
∆x
(ni, j−ni±1, j)± zµ2∆x(ni, j+ni±1, j)(φi, j−φi±1, j). (3.9)
The same method can be applied to equation 2.2 to obtain the discretized system of
linear equations for the potential,
1
∆x2
(
φi, j−1−2φi, j+φi, j+1
)
+
1
∆y2
(
φi−1, j−2φi, j+φi+1, j
)
=−ρi, j/ε. (3.10)
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Figure 3.4: A diagram of the computational grid for demonstrating the box method. Extra-
cellular points are colored red, intracellular points are colored blue and membrane boundary
points are colored black. The solid line segments represent the membrane and the dashed lines
represent the boxes. The open circles show the points where the flux is defined.
So far, the box appears to be equivalent to using a second-order finite difference method on
a centered stencil. However, the box method offers an advantage over finite difference meth-
ods when deriving a conservative scheme for the membrane surface charge densities and for
implementing the membrane boundary conditions of the potential.
Discretization of Surface Charge Density Equations
Recall the equation we use to model σi on the membrane
∂σ±i
∂ t
=−l±D∇ · j±i ∓ jm,i. (3.11)
Let B denote the box surrounding an arbitrary membrane point and B± denote the portion on
the box on the ± side of the membrane. Integrating 3.11 over B± gives
∫
B±
∂σ±i
∂ t
dA=−l±D
∫
B±
∇ · j±i dA∓
∫
B±
jm,i dA. (3.12)
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Applying the divergence theorem yields∫
B±
∂σ±i
∂ t
dA=−l±D
∫
∂B±
j±i ·n ds∓
∫
B±
jm,i dA. (3.13)
Since σ±i and jm,i are constant inside the box and j
±
i ·n is constant along any segment of the
box’s boundary,
A±
∂σ±i
∂ t
=−l±D∑
k
j±i,k ·nks±k ∓A± jm,i (3.14)
where k ranges over the four sides of B, s±k is the length in which the kth side of B lies on the
± side of the membrane, nk is the outward pointing unit normal vector on the kth side of B and
A± is the area of B±. We also introduce the notation j±i,k to represent the current flux of the ith
ionic species on the ± side of the membrane, evaluated on the kth side of B. Dividing each side
of equation 3.14 by A± gives the discretized ODE
dσ±i
dt
=− l
±
D
A±∑k
j±i,k ·nks±k ∓ jm,i. (3.15)
Note that when we evaluate the RHS of 3.15, we define s±k = 0 if side k is not on the ± side of
the membrane.
Charge Neutrality Condition on Membranes
Lastly, we must use the box method to define the charge neutrality condition on the membranes
to obtain an algebraic equation for φ+ and φ− that allows us to implement the membrane
boundary conditions from equations 2.35 and 2.37. We begin by considering the condition
from 2.37 on an arbitrary membrane boundary point:
[nm ·∇φ ] = 0. (3.16)
In order to apply the box method, we can restate this as the equivalent charge neutrality condi-
tion
∇ ·∇φ =−ρ/ε = 0. (3.17)
Integrating each side of this equation over the box B gives∫
B
∇ ·∇φ dA=
∫
B+
∇ ·∇φ+ dA+
∫
B−
∇ ·∇φ− dA= 0 (3.18)
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Applying the divergence theorem, we have
∫
∂B+
∇φ+ ·n ds+
∫
∂B−
∇φ− ·n ds= 0. (3.19)
Since ∇φ+ ·n and ∇φ− ·n are constant along box boundaries, we have
∑
k
(∇φ+)k ·nks+k +∑
k
(∇φ−)k ·nks−k = 0. (3.20)
Now let us define a specific ordering for the index k such that
n1 = (1,0), n2 = (0,1), n3 = (−1,0), n4 = (0,−1). (3.21)
Using this ordering and writing out the expression for (∇φ±)k ·nk for every k leads to an equa-
tion of the form
L+φ++L−φ− = P++P− (3.22)
where
L± =
s±1 + s
±
3
∆x
+
s±2 + s
±
4
∆y
(3.23)
and
P± =
s±1 φi, j+1+ s
±
3 φi, j−1
∆x
+
s±2 φi+1, j+ s
±
4 φi−1, j
∆y
(3.24)
Combining this with the boundary condition from 2.35, we may solve for φ+ and φ− to get the
numerical boundary conditions
φ− =
P++P−−L+σ/Cm
L++L−
(3.25)
φ+ = φ−+
σ
Cm
. (3.26)
Computing Geometric Factors
To use this method, we must have a way of computing the geometric factors A± and s±k . For
each point on the membrane, the factors are determined by the pair of adjacent membrane line
segments. Given our algorithm to compute a meshed curve, there are 32 possible configurations
for consecutive line segments, also taking orientation into account. However, there are only four
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Figure 3.5: The four fundamental configurations of the meshed boundary curve.
fundamental configurations, shown in Figure 3.5, the rest being compositions of 90◦ rotations
and vertical/horizontal flips of the these four configurations. From this figure, we see there
are a limited number of values that A± and s±k can have. In particular, A
± = α±∆x∆y where
α± ∈ {14 , 38 , 12 , 58 , 34} is the fractional area of the box on the ± side and s±k ∈ {0, ∆x2 , ∆y2 ,∆x,∆y}.
For all boxes that do not intersect the outer boundary, α++α− = 1. For boxes that intersect the
outer boundary, α+ = α− = 1/4. Since we use a static membrane that does not change in time,
we only need to compute the geometric factors once during the initialization process and can
use them throughout the rest of the simulation. To do this, we loop over the membrane points
and determine which of the 32 cases each point belongs to and fill in the values of the geometric
factors accordingly.
3.3 Temporal Discretization: TRBDF2
We now discuss the temporal discretization of the system of ordinary differential equations that
arises from the spatial discretization discussed in the previous section. Suppose we include
Nspecies ionic species in the model and discretize the equations on a grid with Npts points. Then
equation the drift-diffusion transport equations from 2.9 become a system of NspeciesNpts non-
linear ordinary differential equations and the Poisson equation from 2.10 becomes a system of
Npts linear algebraic equations. The drift term causes the nonlinearity of 2.9 because it is cou-
pled to equation 2.10 through the potential. Solving this coupled system would then require us
to solve a system of (Nspecies+1)Npts nonlinear equations at every time level, which is an enor-
mously expensive task when implementing an implicit method. However, if we assume that the
potential is constant over any given time step, we can drastically reduce the computational cost
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of the problem. By making this assumption, equations 2.9 and 2.10 decouple and can be solved
independently. Further, 2.9 becomes linear since we use the potential at the previous time step.
This results in a considerably cheaper overall scheme, but it is only semi-implicit so stability
requirements limit the time step sizes we may use.
General Description
The method we use for the temporal discretization of 3.8 is known as the TRBDF2 method,
developed by Bank et al. in [4]. The scheme is considered the state-of-the-art method for
solving ODE systems arising from the spatial discretizations of parabolic PDEs. It is second
order accurate, fully implicit and L-stable. For the sake of generality, we will demonstrate the
method for an arbitrary function u(t), without making any reference to the variables of our
model.
Consider the system of N autonomous ordinary differential equations given by
du
dt
= f (u), t > 0, u(t), f (u) ∈ RN
with an initial condition u(0) = u0. We use the notation uk = u(tk)where (tk) is a finite sequence
of t values where the solution is computed and t0 = 0. Given uk, we solve for uk+1, the solution
at the next time level, in two steps. We first compute an intermediary solution at time tk+ γ∆tk
where γ ∈ (0,1) using the trapezoid rule (TR):
uk+γ = uk+
γ∆tk
2
[
f (uk)+ f (uk+γ)
]
. (3.27)
Next we use the second-order backward difference formula (BDF2) to compute uk+1 in terms
of uk and uk+γ :
uk+1 =
1
γ(2− γ)uk+γ −
(1− γ)2
γ(2− γ)uk+
1− γ
2− γ∆tk f (uk+1). (3.28)
It can be shown via Taylor series expansions that the dominant term in the local truncation error
(LTE) at time level k is
LTEk = c(γ)∆t3k u
(3)(tk) (3.29)
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where
c(γ) =
−3γ2+4γ−2
12(2− γ) . (3.30)
We can now choose the optimal value of γ by finding the minimizer of ‖LTEk‖. This amounts
to solving c′(γ) = 0 subject to the constraints c′′(γ) > 0 and γ ∈ (0,1). Such a solution exists
and gives the optimal value γ = 2−√2≈ 0.5858.
Dynamic Time Step Adjustment
When simulating large systems to steady state, it is necessary to implement a dynamically
adjusted time step. To do this, we use a divided difference estimate to approximate the local
truncation error of TRBDF2 as
LTEk+1 ≈ 2c∆tk
(
1
γ
f (uk)− 1γ(1− γ) f (uk+γ)+
1
1− γ f (uk+1)
)
(3.31)
which can then be used to adjust ∆tk accordingly. The typical algorithm for time step selection
is to set
∆tk+1 = ∆tkr
−1/(p+1)
k+1 , rk+1 =
‖LTEk+1‖
εR‖uk‖+ εA (3.32)
where ‖ · ‖ is the discrete L1 norm, p is the order of the method (p = 2 for this case) and εR
and εA are the relative and absolute error tolerances, respectively. If rk+1 = O(1), then the
norm of the LTE is on the same order as the most dominant term in the denominator, which
means the time step is acceptable. The exact condition most commonly used in practice for an
acceptable time step is to require rk+1 ≤ 2. If this is the case, the solution is updated with that
time step and a new (usually larger) time step is computed. Otherwise, the time step is adjusted
(shrunk) and the solution is re-computed with the smaller time step. The major benefit to this
method is when simulating to steady state, the time steps can become rather large, without loss
in accuracy. In most of our simulations, we use εR = 10−6 and εA = 10−12, although they can
be adjusted accordingly to yield higher accuracy (at the cost of smaller time steps).
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3.4 Rectangular Poisson Solver
We now give a description of the numerical method used to solve the Possion equation from 2.10
in the rectangular domain. The method presented here is one of the fastest known methods to
solve the Poisson equation and is particularly efficient in applications where the equation must
be solved at every time step. Consider the Poisson equation ∇2u = f on an arbitrary rectangle
in 2D with Dirichlet boundary conditions. Recall that our computational domain uses uniform
grid spacing in each direction, but with possibly unequal ∆x and ∆y. Assume the domain is
discretized into an (M+1)× (N+1) grid. The interior unknown solution can be treated as an
(M− 1)× (N− 1) matrix (Ui j) where Ui j is the numerical approximation of u(x j,yi). Using
second order finite differences, we can state the discrete problem as the matrix equation
UA+BU = F (3.33)
where A and B are square tridiagonal matrices, of sizes N−1 andM−1, respectively, given by
A=
1
∆x2

−2 1
1 −2 . . .
. . . . . . 1
1 −2

(N−1)×(N−1)
, B=
1
∆y2

−2 1
1 −2 . . .
. . . . . . 1
1 −2

(M−1)×(M−1)
.
The matrix F is the same size asU and contains the values of the function f along with boundary
data. Both A and B have unique sets of eigenvalues and are therefore diagonalizable. Thus there
exists a diagonal matrix D and an invertible matrix T such that A = TDT−1. The entries of D
and T are known analytically and can be shown to be
Dkk =
1
∆x2
[2cos(kpi/N)−2] , k = 1, ...,N−1,
Tjk = sin( jkpi/N), j = 1, ...,M−1, k = 1, ...,N−1.
Similar formulas for B apply but we do not need them here. By diagonalizing A, equation 3.33
becomes
UTDT−1+BU = F ⇒UTD+BUT = FT ⇒VD+BV = H
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where V =UT and H = FT . Since D is a diagonal matrix, this matrix equation decouples into
N − 1 independent linear systems, one for each column of V . Let Vk and Hk denote the kth
columns of V and H, respectively. Then we get the set of tridiagonal linear systems
(DkkI+B)Vk = Hk, k = 1, ...,N−1 (3.34)
where I is an M− 1×M− 1 identity matrix. Using a specialized tridiagonal solver, each of
these equations can quickly be solved to construct V column by column. The last step would
be to set U = VT−1. Note that this process could instead be applied by diagonalizing B and
solving for each row ofV . We also see from 3.34 that the condition for a unique solution to 3.33
is that −Dkk can not be an eigenvalue of B for any k = 1, ...,N−1. However, for this particular
problem, A and B are both negative definite, so the solution to 3.33 always exists.
This particular algorithm has many advantages over a direct linear solver, especially
when f varies in time and we are required to solve Poisson’s equation at every time level. Since
T is only of size N, we may easily compute T−1 once before the time loop begins and then use
it throughout the rest of the simulation. Assuming T and T−1 are available, the most expensive
steps in this algorithm are computing H = FT and U = VT−1, which have O(MN2) run time.
Solving the set of N − 1 tridiagonal systems has a run time of only O(MN). Moreover, the
performance can be improved by considering the relative sizes ofM and N. If we instead chose
to diagonalize B, the algorithm run time would be O(M2N). Thus we can always get a run time
of O(min{M2N,MN2}) by choosing which matrix to diagonalize appropriately. Compared to a
direct linear solver, which has a run time of O(M2N2), this method is max{M,N} times faster.
3.5 Solving Equations: The SOR Method
With the spatial and temporal discretizations of the drift-diffusion equations 2.9 and 2.10 in
hand, we now turn to the problem of solving the resulting system of linear algebraic equations.
In the previous section, we demonstrated a very efficient method of solving Poisson’s equation
on a rectangular domain. However, when using a domain with complex geometry, such as the
one shown in Figure 3.2, an iterative solver seems like the best choice, especially on a large grid.
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The particular method we use is the SOR (successive over-relaxation) method with Chebyshev
acceleration. We apply this method to solving the transport equation 2.9 in both the rectangular
and complex domain and for solving the Poisson equation from 2.10 in the full synapse domain
only.
General SOR Algorithm
To begin with, we give a general description of the SOR method with Chebyshev acceleration
and then discuss its application to the specific equations from our model. The standard treat-
ment of the SOR method is to consider a linear system and perform a certain splitting of the
coefficient matrix. However, we will take a different approach by considering the method in
“component” form, without reference to a coefficient matrix.
Let u be any function defined on the grid and suppose we want to solve the system of
linear equations Fi, j(u) = 0 for every non-boundary grid point (x j,yi). Each of these equations
will contain at most five terms since we are using a five point stencil. We can then write
Fi, j(u) = ai, jui, j+bi, j(u) (3.35)
where bi, j(u) contains the four terms corresponding to the nearest neighbors of grid point
(x j,yi). Starting with an initial guess for the solution, u
(0)
i, j , the iterates of the SOR method
are defined as
u(p+1)i, j = u
(p)
i, j −ωFi, j(u(p))/ai, j, p= 0,1,2, ... (3.36)
where ω ∈ [1,2) is an acceleration parameter used to speed up convergence, which is discussed
further in the next subsection. Note that if ω = 1, then equation 3.36 defines the Gauss-Seidel
iteration. The residual of each iteration is defined as
r(p) =
1
Npts
∑
i, j
|Fi, j(u(p))|. (3.37)
The iterations are repeated until r(p) < δ for some tolerance parameter δ . Clearly, we see from
equation 3.36 that this method is only valid when ai, j 6= 0 for all grid points. Although this
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method is not always the fastest way to solve a linear system, it is particularly convenient for
performing simulations on complicated grids. Applying the SOR method to a general system
of linear equations, Fi, j(u) = 0, only requires us to compute the corresponding ai, j and bi, j(u)
from the form defined in equation 3.35. We will later derive these expressions for all of the
equations that we apply the method to.
Chebyshev Acceleration
The idea of Chebyshev acceleration is to adjust ω within each iteration of the SOR method in
such a way that consistently decreases the residual. One possible implementation is to perform
a red/black ordering of the grid points analogous to that of a checkerboard. In this arrangement,
red points only couple to black points and vice verse. Each color has its own version of ω ,
which is adjusted within each iteration. The algorithm is to set
ω(0)red = 1
ω(0)black = 1/(1−ρ2J /2)
ω(p+1)red = 1/(1−ρ2Jω(p)black/4)
ω(p+1)black = 1/(1−ρ2Jω(p+1)red /4)
(3.38)
where ρJ is the spectral radius of the Jacobian iteration matrix J. Empirical simulation data sug-
gests that, for our problem, Chebyshev acceleration reduces the number of required iterations
by about 15% on average, resulting in a non-trivial savings in overall computational cost.
Application to Conservation Equations
We now derive the expressions for Fi, j, ai, j and bi, j needed to apply the SOR method when
solving the TRBDF2 equations for the particle densities. Recall the spatially discretized version
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of equation 2.9 for an arbitrary ionic species n at the grid point (x j,yi):
d
dt
ni, j =− 1∆x
(
f 1i, j+1/2− f 1i, j−1/2
)
− 1
∆y
(
f 2i+1/2, j− f 2i−1/2, j
)
≡ Gi, j(n). (3.39)
Since we treat the potential as remaining constant over any time step, we know that Gi, j(n)
is a linear function and that it is stated in terms of variables defined at (x j,yi) and the nearest
neighbors of this point. We can thus write the functions Gi, j(n) in the form
Gi, j(n) = Ai, jni, j+Bi, j(n). (3.40)
By plugging in the expressions for the fluxes into the discretized equations, we see that
Ai, j =−2D
(
1
∆x2
+
1
∆y2
)
+
zµ
2
[
1
∆x2
(φi, j−1−2φi, j+φi, j+1)+ 1∆y2 (φi−1, j−2φi, j+φi+1, j)
]
(3.41)
and
Bi, j(n) =
1
∆x2
[(
D+
zµ
2
(φi, j−1−φi, j)
)
ni, j−1+
(
D+
zµ
2
(φi, j+1−φi, j)
)
ni, j+1
]
+
1
∆y2
[(
D+
zµ
2
(φi−1, j−φi, j)
)
ni−1, j+
(
D+
zµ
2
(φi+1, j−φi, j)
)
ni+1, j
]
. (3.42)
We now want to combine the above formulas with the TRBDF2 update equations at time level
k. Let us denote nki, j to be the solution at grid point (x j,yi) at time tk. For the TR step, we wish
to find the roots of the functions Fi, j(nk+γ) defined by
Fi, j(nk+γ) = n
k+γ
i, j −nki, j− γ
∆tk
2
(
Gki, j+Ai, jn
k+γ
i, j +Bi, j(n
k+γ)
)
= ai, jn
k+γ
i. j +bi, j(n
k+γ) (3.43)
where
ai, j = 1− γ∆tk2 Ai, j (3.44)
and
bi, j(nk+γ) =−nki, j− γ
∆tk
2
(
Gki, j+Bi, j(n
k+γ)
)
. (3.45)
The initial guess for the TR step is taken to be nk. Similarly, for the BDF2 step, we have
Fi, j(nk+1) = nk+1i, j −
1
γ(2− γ)n
k+γ
i, j +
(1− γ)2
γ(2− γ)n
k
i, j−
1− γ
2− γ∆tk(Ai, jn
k+1
i, j +Bi, j(n
k+1)) (3.46)
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and can define
ai, j = 1− 1− γ2− γ∆tkAi, j (3.47)
and
bi, j(nk+1) =− 1γ(2− γ)n
k+γ
i, j +
(1− γ)2
γ(2− γ)n
k
i, j−
1− γ
2− γ∆tkBi, j(n
k+1). (3.48)
The initial guess for the BDF2 step is nk+γ .
Application to the Poisson Equation
To solve the discretized Poisson equation at time level k using SOR, we define
Fi, j(φ k) =
1
∆x2
(
φ ki, j−1−2φ ki, j+φ ki, j+1
)
+
1
∆y2
(
φ ki−1, j−2φ ki, j+φ ki+1, j
)
+ρki, j/ε (3.49)
which immediately gives us
ai, j =−2
(
1
∆x2
+
1
∆y2
)
(3.50)
and
bi, j(φ k) =
1
∆x2
(
φ ki, j−1+φ
k
i, j+1
)
+
1
∆y2
(
φ ki−1, j+φ
k
i+1, j
)
+ρki, j/ε. (3.51)
3.6 Implementation
The program to simulate our model was written in the C language. There are five main structures
that contain all the relevant data: ION, STATE, MEMSTATE, GRID and TIMESTEP. The ION
structure contains all information relevant to a single ion species, such as its density, ionic
charge, bath values, diffusion coefficient, etc. The STATE structure stores the potential and an
array of IONS. The MEMSTATE structure stores all quantities defined only on membranes such
as σ±i , φ
±,n±i , etc. The GRID structure stores all information relevant to the geometry of the
computational region such as the labeling matrix, mesh spacing, outer bounds for the region,
etc. The TIMESTEP structure stores all information relevant to time step selection such εR, εA,
etc.
To summarize the steps in implementing the solution, pseudocode for the main structure
of the program is shown below.
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• initialize all variables
• while(not in steady state)
• solve for the potential using SOR
• solve for the updated particle densities using TRBDF2/SOR
• compute all transmembrane current densities
• compute surface charge densities on membranes with the box method
• update the potential and particle densities on the membranes
• implement the outer boundary conditions
• t→ t+∆t
Note that the termination criteria of the while loop depends on whether the system has
reached steady state or not. The system is deemed to be in steady state when the discrete L1
norm of the time derivatives for all state variables falls under a certain threshold value, denoted
as STOP. In our simulations, we used STOP = 10−4.
The double-valued nature of the state variables on the membranes must be implemented
with care since the solution matrix for any variable can only have one value at a time and the
iterative solvers must couple to these values correctly. This is done by storing the ± values of
the variables in separate arrays and then filling in the values of the solution matrix appropriately.
For instance, when solving for the potential, we first fill in the φ− values along the membranes
and then iterate the extracellular points to convergence. Once this is done, we fill in the φ+
values along the membranes and then iterate the intracellular points to convergence. The same
process is applied to the ion densities as well.
To analyze the program’s performance, we computed the fraction of the total CPU time
used on a 600× 900 grid for each of the functions listed above. The result was: 70% solving
for φ , 29% solving for the ions and the remaining 1% to compute σi and update the boundaries.
Therefore the main computational bottleneck is solving for φ . Since ion densities remain nearly
constant away from the membranes, they only require a few iterations to converge. However,
the potential varies much more and therefore can require 100-200 iterations to converge, making
it the most expensive quantity to compute.
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To increase performance, we used the OpenMP software for parallelizing some of the
loops that occur within the computational bottlenecks. If the computations performed within a
for loop are independent of one another with respect to the loop variable, OpenMP can split
the iteration space into multiple threads and run them on different processors simultaneously.
An interesting trick when implementing the SOR method is to split the for loop that iterates
over grid points into multiple threads, each with their own memory space, but keep the grid
variable in the shared memory spaced so it can be accessed by all threads. If all points were
updated simultaneously, this method would reduce to an accelerated Jacobi method. However,
since the workload among the processors is slightly unbalanced, points get updated in a random
order, resulting in a form of chaotic relaxation. When using these methods on N processors, we
observe a sub-linear relationship between the speed-up factor and N. For small N, the speed-up
factor is about N/2 but this saturates as N is increased due to the poor scaling properties of
shared address space parallel implementation. For example, when N = 8, we observe a speed-
up factor of about 4 but when N = 24, we get a speed-up factor of about 8.
Note that this C program is independent of the geometry of the region we wish to use.
All of the information pertaining to the grid is stored in text files that are read in by the program.
This allows us to use the convenient MATLAB libraries to pre-process all of the grid data
beforehand. We can also run simulations on different geometries without ever altering the C
code.
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Chapter 4
SIMULATION RESULTS
4.1 Rectangular Geometry
During the first phase of this research, we simulated our model on the rectangular region shown
in Figure 3.1. Figures 4.1, 4.2, and 4.3 show the steady state surface plots of the various state
variables using a 50× 500 grid (∆x = ∆y = 0.8 ≈ l−D ). The unknown biological parameters
used for the rectangular problem are shown in Table 4.1. Note that these parameters were tuned
within a physiologically relevant range to get the best fit with experimental data.
Figure 4.1: Steady state ion particle densities on the rectangular domain. Length units are
shown in nanometers and the particle densities are shown in units of mM (10−3 moles/liter).
For these particular simulations, we used φ+CP = −80 mV and φ+HC = −40 mV. Figure
4.1 shows the particle densities for each ion. Boundary layers on the order of a Debye length
appear near the membranes for each ion, which are consistent with the electric potential, shown
in Figure 4.2. Away from the membranes, the particle densities are nearly constant at their bath
values. Figure 4.3 shows the total charge density ρ = ∑i qini, which is zero away from the
membranes, as expected, but with charge layers near membranes.
Although the quantities shown in Figures 4.1, 4.2, and 4.3 help to validate certain physi-
cal properties we expect from the model, they are not quantities which are experimentally mea-
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Figure 4.2: Steady state potential on the rectangular domain. Length units are shown in nanome-
ters and the potential is shown in units of mV.
Figure 4.3: Steady state charge density on the rectangular domain. Length units are shown in
nanometers and the charge density is shown in units of e·mM.
surable. In order to compare our simulations with experimental data, we computed the steady
state current-voltage (IV) curves, which are measurable using voltage clamp techniques. In
particular, we are interested in the relative shifts of the IV curves with and without background
illumination as this demonstrates the feedback from horizontal cells to cones. The experimental
data we use to compare our simulations with is from the goldfish experiments by Kamermans
et al. in [45]. To produce the IV curves, we vary φ+CP over a range large enough such that
VCP = φ+CP−φ− ∈ [−70,10] mV, since this is the range of the membrane potential seen in the
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goldfish experiments. For a given value of φ+CP, we simulate to steady state and then use equa-
tion 2.33 to integrate jm,Ca over the membrane to obtain the total current ICa which provides a
data point (VCP, ICa) for the IV curve. The fitted parameters from Table 4.1 can affect the shape
of the IV curve but all changes occur continuously as a function of the parameters, as can be
inferred from the form of equation for ICa.
The computational domain used for this problem does not provide any natural region to
treat as the potential ground. For this reason, simulating the background illumination through
first principles, i.e., hyperpolarizing the horizontal cell membrane, is not particularly useful
since it simply shifts the entire solution as if we just re-defined ground. Therefore, to simu-
late the background illumination, we adjust the kinetic parameter θ , resulting in two possible
values, denoted as θ±, as shown in Table 4.1. As discussed earlier, we can view the formula
for the transmembrane calcium current as a nonlinear form of Ohm’s law that includes a sig-
moidal shaped probability factor, otherwise known as an activation curve. The experimental
data suggest that this activation curve gets shifted to more negative potentials when background
illumination is present, which served as our inspiration to use this approach.
Parameter Value Units Description
gCa,CP 1.5 nS maximum conductance of calcium channels
ECa,CP 37 mV reversal potential of calcium
λ 5 mV kinetic parameter
θ+ −33 mV kinetic parameter, background off
θ− −40 mV kinetic parameter, background on
Table 4.1: Calcium channel parameters used in simulations on the rectangular region.
As shown in Figure 4.4, the background illumination causes a shift in the IV curve and
the magnitude of this shift indicates the strength of the feedback. An important feature of the
ephaptic hypothesis is the idea that the feedback strength depends on how narrow the space
between membranes is. To put this idea to the test, we performed a numerical experiment con-
sisting of measuring the vertical shift in the IV curves with and without background illumination
for three different sizes of the side openings. Figure 4.5 shows the results using the opening
50
−70 −60 −50 −40 −30 −20 −10 0 10−90
−80
−70
−60
−50
−40
−30
−20
−10
0
10
Membrane Potential (mV)
Cu
rre
nt
 (p
A)
 
 
bkgd off
bkgd on
bkgd off (exp.)
bkgd on (exp.)
Figure 4.4: Steady state current-voltage curves with and without background illumination. The
experimental curves are shown in dotted lines for reference.
widths 10/20 nm, 20/40 nm and 40/80 nm. This result shows that the maximum shift in the IV
curves decrease as the widths of the openings increase.
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Figure 4.5: The vertical shift in the IV curves for different widths of the side openings demon-
strates a critical aspect of the ephaptic hypothesis.
The model for the cone calcium transmembrane current density jm,Ca is a phenomeno-
logical fitting curve, with θ+−θ− representing the nonlocal effect of hyperpolarization of the
horizontal cell when the background illumination is turned on. The calcium current ought to
couple locally to only the electric potential, which is modified globally by the horizontal cell’s
hyperpolarization. Inserting the reference voltage in the complex 2D geometry of the synapse
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allows us to model the effects of the hyperpolarization of the horizontal cell on the cone calcium
transmembrane current at a microscopic level through the drift-diffusion model.
4.2 Full Synapse Geometry
We now present the results from simulations on the grid with the full synapse geometry. One
crucial difference in our methodology for this problem, as opposed to the rectangular problem,
is that the background illumination is simulated by adjusting the holding potential inside the
horizontal cell, not by changing the value of the kinetic parameter θ . With this grid, we have a
well-defined reference point for the potential, which now gives meaning to shifting the horizon-
tal cell holding potential. As mentioned in the introduction, background illumination hyperpo-
larized the horizontal cell. Thus, in all simulations, we useUHC =−40 mV to simulate without
background illumination and UHC = −60 mV to simulate with background illumination. The
reference potential is held at Ure f = −40 mV for all simulations. The unknown biological pa-
rameters used for the full synapse geometry are shown in Table 4.2. Again, these parameters
were tuned within a physiologically relevant range to get the best fit with experimental data.
Parameter Value Units Description
gCa,CP 2.2 nS maximum conductance of calcium channels
ECa,CP 50 mV reversal potential of calcium
λ 3 mV kinetic parameter
θ 5 mV kinetic parameter
Table 4.2: Calcium channel parameters used in simulations for the full synapse geometry.
In Figures 4.6, 4.7, 4.8 and 4.9, we show color plots of the steady state potential on a
600× 900 grid, with and without background illumination, using several different values for
UCP. To get a good view of the charge layers, we zoom in on the region containing the channels
and plot the steady state charge density as shown in Figure 4.10. This figure verifies that the
baths remain charge neutral away from the membranes and the charge layers that accumulate on
each side are equal in magnitude but opposite in sign, i.e., the membrane also maintains overall
neutrality.
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Figure 4.6: Steady state potential in the full synapse geometry withUCP = 0 mV andUBC =−60
mV. Lengths are in units of nanometers and the potential is shown in units of mV.
Figure 4.7: Steady state potential in the full synapse geometry withUCP =−20 mV andUBC =
−60 mV. Lengths are in units of nanometers and the potential is shown in units of mV.
To verify that our numerical method for implementing the jump conditions on the po-
tential enforces charge neutrality on the membranes, we plot σ+ = ∑iσ+i and σ
− = ∑iσ−i in
Figure 4.11. The horizontal axes in these plots represent the interior boundary curves with a
clockwise orientation with respect to the normal vector pointing from the + side to the − side
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Figure 4.8: Steady state potential in the full synapse geometry withUCP =−40 mV andUBC =
−60 mV. Lengths are in units of nanometers and the potential is shown in units of mV.
Figure 4.9: Steady state potential in the full synapse geometry withUCP =−60 mV andUBC =
−60 mV. Lengths are in units of nanometers and the potential is shown in units of mV.
of the membranes. Indeed, we see that σ+ = −σ− everywhere, with an error on the order of
the double precision machine epsilon.
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Figure 4.10: A zoomed-in view of the steady state charge density along the portion of the
membranes containing ion channels withUCP =−20 mV,UHC =−40 mV andUBC =−60 mV.
Lengths are in units of nanometers and the charge density is shown in units of e·mM.
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Figure 4.11: Steady state surface charge density along the membranes, shown in units of e/nm2.
The blue curves show σ− and the red curves show σ+. The holding potentials used for this
simulation areUCP =−20 mV,UHC =−40 mV andUBC =−60 mV.
As with the rectangular geometry, we produced IV curves with and without background
illumination to observe how the model predicts the feedback response. The IV curves are
generated by varying UCP over the range [−80,10] mV and then computing the current ICa
in steady state to get a data point (UCP, ICa). Since this requires us to run about 30 simulations
for various values ofUCP, we use a coarse 150×225 grid.
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The addition of the bipolar cell slightly complicates things. Some bipolar cells are
known to depolarize under background illumination (OFF bipolar cells) and others are known
to hyperpolarize under background illumination (ON bipolar cells). To understand how the
holding potential of the bipolar cell affects the IV curves, we tried three different cases, which
we label neutral, depolarized and hyperpolarized. For all three cases, we use UBC = −60 mV
with no background illumination. When the background illumination is present, we useUBC =
−60 mV, UBC =−40 mV and UBC =−80 mV for the neutral, depolarized and hyperpolarized
cases, respectively. Figure 4.12 shows the results for all three cases along with the vertical shift
in the IV curves. This figure indicates that the shift in the IV curves is enhanced when the
bipolar cell is hyperpolarized and reduced when the bipolar cell is depolarized.
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Figure 4.12: Steady state current-voltage curves for different bipolar cell holding potentials.
Top-left: Neutral bipolar cell. Top-right: Depolarized bipolar cell. Bottom-left: Hyperpolarized
bipolar cell. Bottom-right: Vertical difference of IV curves for all three cases.
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Chapter 5
CONCLUSION & FUTURE WORK
5.1 Conclusion
The results of our simulations provide convincing evidence for the ephaptic hypothesis. The
simulations performed on the rectangular region for variable inlet/outlet opening widths demon-
strate the importance of the geometry of the triad synapse. The magnitude of feedback from
horizontal cells to cone is quantified by the maximum shift in the IV curves with and without
background illumination. As shown in Figure 4.5, this shift is increased as the width of the
openings are decreased. When ionic currents travel through these narrow regions of high re-
sistance, they create a large potential drop which can ultimately cause global changes in the
potential and in the distribution of charge which in turn affects the flow of calcium into the cone
pedicle.
The most convincing evidence for the ephaptic hypothesis provided by our simulations
is the shifting of the IV curves in the full synapse geometry with and without background illumi-
nation. This shift characterizes the feedback from horizontal cells to cones and it was produced
simply by hyperpolarizing the horizontal cell holding potential, without using any chemical
transmitters or pH mechanisms. This is a strong indication that the feedback mechanism is
dominated by electrical effects and other mechanisms are of secondary importance.
The simulations in the full synapse geometry also demonstrate the dependence of the
feedback on the behavior of the bipolar cell under background illumination. The neutral case,
shown in the upper left subfigure of Figure 4.12 appears to be the closest match with the ex-
perimental data from [45]. Since experiments measure currents for an entire cone pedicle with
multiple triad synapses, our results suggest that there is approximately an equal number of ON
and OFF bipolar cells in a given pedicle, which serve to balance out the shift effects. This result
could be experimentally verified by blocking the ON bipolar cells with a chemical inhibitor,
which would recover the contribution of the OFF biploar cells only.
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Previous models to study the feedback phenomena in the triad synapse have been mostly
compartment models in which each cell and the extracellular space are treated as isopotential
regions. Given the amount of variation in the potential within the different compartments,
shown in Figures 4.6, 4.7, 4.8 and 4.9, it is clear that compartment models are often insuffi-
cient in providing detailed and accurate physical insights. Although there are applications in
neuroscience where compartment models have enjoyed much success in making accurate pre-
dictions, problems involving highly complex geometries require a more detailed spatial model,
such as the one provided here. Such detailed models are often considered impractical because
of their computational cost but as computing science continues to move forward, these models
become more practical. Ultimately, to gain a complete understanding of electrical mechanisms
in neuroscience, detailed models such as the one presented here will become necessities in the
future.
5.2 Future Work
There are many directions for possible future work in this area. The general model we developed
here for ionic flow and membrane dynamics could be applied to a large number of existing
and future problems in computational neuroscience. From a numerical methods perspective,
it would be interesting to see the box method we developed here for handling double-valued
interior boundaries generalized to 3D. There are also several additions and improvements that
can be made to our model for the triad synapse.
Although we were able to demonstrate the existence of electrical feedback in the triad
synapse, we were not able to demonstrate the crucial role of the hemichannels in controlling
this feedback. We believe this is due to our over-simplification of the transmembrane current
models. A more comprehensive model should seek to improve upon this by modeling the
channel dynamics from first principles, such as a Hodgkin-Huxley like model.
In addition, it may be possible to include the other proposed feedback mechanisms such
as GABA transport and pH effects into the model to see how much they affect feedback. Testing
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the effects of GABA could be done by including GABA as an extra “ion” species in the drift-
diffusion equations but with a separate model for membrane dynamics. Testing pH effects
would consist of adding in H+ ions to the drift-diffusion equations, again with a separate model
for membrane dynamics. The difficulty in adding these other mechanisms is the disparate time
scales in which the dynamics occur. Electrical effects occur on time scales of microseconds
whereas pH and GABA effects occur on much larger time scales such as milliseconds or even
seconds. Thus a multiple time scale model would be necessary to correctly simulate all of these
effects.
The work done in [3] derives a mathematical model for the electrical and chemical
dynamics in the outer plexiform layer on large spatial and temporal scales which allows for
simulation of time-dependent light flickering. Another possible future direction for this research
is to combine features of this large scale model with our small scale model into one multi-scale
model using homogenization techniques.
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APPENDIX A
CELL MEMBRANE SURFACE CHARGES
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We now give a more general discussion on possible ways to approximate the integral
from 2.21 in subsection 2.3. To simplify notation, we will only consider the intracellular (+)
side of the membrane since the equations on the extracellular side are identical. Define the
normalized charge density for the ith ionic species as
σ¯i =
σi
qinb,ilD
=
∫ ∞
0
(
ni(z)
nb,i
−1
)
dz≈
∫ ∞
0
(
exp{−uie−z}−1
)
dz (A.1)
where z= x/lD and ui = qi(φ(0)−φb)/(kBT ). Our physical approximation (A) is based on the
fact that the charge layers decay exponentially away from the membranes with a characteristic
length scale of a Debye length:
σ¯i ≈ ninb,i −1= e
−ui−1 (A) (A.2)
which results in the approximation σi = qilD(ni−nb,i).
The approach taken by Mori et al. in [34] results in the twice linearized approximation
(M) given by
σ¯i ≈−
∫ ∞
0
uie−z dz=−ui (M) (A.3)
which is also the linearized version of (A).
For larger potential magnitudes |ui|, we can evaluate the integral from A.1 using the
exponential integral special function, resulting in a nearly exact approximation (PB). Define the
function
f (u) =
∫ ∞
0
(
exp{−ue−z}−1) dz=−E1(u)− ln(u)− γE (A.4)
where E1(η) =
∫ ∞
η (e
−t/t) dt and γE is the Euler-Mascheroni constant. This function is mono-
tonically decreasing and can therefore be inverted to obtain ui from σ¯i, which defines the (PB)
approximation. This can be achieved by generating a table of values containing u and f (u) for
several values of u in a desired range. Given a value of σ¯i, the table is searched to find the inter-
val containing σ¯i and then ui = f−1(σ¯i) is evaluated using linear interpolation in this interval.
The membrane values for the particle densities would then be
ni = nb,i exp{−ui}. (A.5)
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The approximations (A) and (M) are compared with this nearly exact numerical Poisson-Boltzmann
solution (PB) in Figure A.1.
To test the approximation (A), we compared the IV curves resulting from approxima-
tions (A) and (PB). We found that the IV curves for both cases were identical to within a line
width, since for this problem, |ui|  1. However, the (PB) approximation is more expensive to
compute so we used approximation (A) for all simulations.
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Figure A.1: Comparison of the nearly exact Poisson-Boltzmann solution (PB) for σi vs. ui with
the approximations (A) and (M).
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